Takagi's model and Heisenberg's model (modified with regard to the total cross section) for multiple meson production are examined, and they are found to conform to two sources of eaperimenral information on the properties of secondary particles in jet showers : their composition and the distribution of their transverse momenta. The main aspects of these models, as well as .those of the Landau model, are discussed. § I. Introduction and summary 1 · 1. In a previous note 1 > it has been remarked that two sources of experimental information concerning the properties of secondary particles can be regarded as important criteria for the theory of multiple production. The first is the ratio of heavy to light mesons, 2 l and the second is the distribution of their transverse momenta. 3 l Both of them appear to indicate the necessity of modifying Fermi's original treatment 4 > in favour of Landau's hydrodynamical theory, 5 l 6 l and this theory implies the existence of a strong pion-pion interaction at a lower energy, say, near 1 Gev.
nucleon-meson clouds.
Recent experimental data 9 >-1!> suggest that most of the high energy collisions are not completely inelastic ; that is to say, an appreciable part of the energy available does not go over to the secondary particles, but remains in the original particle. One advantage of the above mentioned model is that it can take this circumstance into account in a rather natural way.
This model we shall investigate in § 2. The results can be reconciled with the two criteria referred to above, if we introduce a priori a .certain inelasticity factor, which does not depend much on the incident energy. 1· 3. In § 3 we shall examine the predictions of the Heisenberg theory. Even before the discovery of mesons, Heisenberg has been discussing in a variety of ways the multiple formation of secondary particles by nuclear collisions at very high energy. 13 l 14 > His fundamental point of view is that the nucleon-meson system is governed by a wave equation involving strong non-linearity,* and as a characteristic feature of the latter a conspicuous energy dissipation, which corresponds to the formation of a large number of low energy mesons, takes place during the expansion process of the concentrated nucleonmeson cloud.
Many events have been recorded in nuclear emulsions with a large number of secondary particles, though most of them belong to a relatively lower energy. This fact may be regarded as supporting Heisenberg's point of view. 15 
)-lDJ
At extremely high energy, on the other hand, his theory seems to give either too large a number of secondary particles or too large a cross section. 20 > 21 > The latest version of his theory has been worked out semi-quantitatively and can be compared with experimenta1 data. In the present note I shall study this particular version of his theory, excepting, however, his arguments concerning the impact parameter, inelasticity and total cross section.** Indeed this part of his work has been criticized 6 > 21 > because it appears to involve an extrapolation of the classical mechanics concept beyond its limit of applicability.
It appears possible to separate logically this particular part of Heisenberg's work (for instance, ITI c) of the reference 14) from the rest of it. I shall assume in this note therefore that the total cross section of nucleon-nucleon collisions remains at a constant value 1rjp. 2 , instead of increasing logarithmically with energy as in the original work.*** * The definition of the strong non-linearity in Heisenberg's works appears somewhat unclear. It would be necessary to assume not only the presence of a parameter of the dimension of a positive power of a length, but also the presence of a derivative of the wave function in the non-linear term. ** Heisenberg extends namely the integration with respect to the impact parameter r to such a value asto correspond to the minimum inelasticity: rmax-=-1/p.log'}miu with '}mir,-=2Jio/W. Here Po is the average energy of the secondary mesons in the center of mass system, which, in his theory, depends on the incident energy W in the center of mass system only logarithmically. Thus the total cross section turns ou• to be ~-; 2 [log( ;;: ) J.
(1-1) *** See the expression in the above footnote.
Z. Koba
This alteration will make it possible to apply Heisenberg's theory to the case of nucleon· nucleus collisions at extremely high energy.*
The results can again be regarded as consistent with the two criteria referred to. 1· 4. In the final section, the main aspects of the three models for Landau, Takagi and Heisenberg are discussed. First of all, they differ in the prediction of the total number of secondary particles as a function of incident energy. If we assume an almost constant average inelasticity over a wide region of energy, we should be able to discriminate between them. Another difference is that Heisenberg's and Landau's models lead to the presence of pion-pion interaction, while Takagi's model does not.
Concerning the mechanism of partially elastic collisions, there are at least two ·points of view possible : spacial localization of the self-energy of a nucleon and concentration of a large amount of energy on a small number of secondary particles. § 2. Predictions of Takagi's model 2 · 1. First let us give a somewhat simplified formulation of multiple production in Takagi's model, so as to see the qualitative aspects of this picture. The incident energy in the laboratory system will be denoted by E0, and the total energy in the center of mass system by W. The momentum carried away by each of the clouds in the center of mass system will be denoted by P. We also introduce a parameter,** M*, the fictitious mass of the excited nucleon-meson system, The energy available for the emission of secondary particles m each cloud in its own center of mass system is equal to * It is to be remarked that also in this modified Heisenberg theory, the inelasticity has to be mtroduced without reference to the impact parameter, otherwise it would be unreasonable to assume as small a value for inelasticity as required from experiments in the case of nucleon-nucleus collision, because in the " tunnel " inside the nuclear matter (jet model) no extremely peripheral nucleon-nucleon collision can take place except the collision with a peripheral nucleon in the nucleus.
An attempt has been made to apply Heisenberg's theory without any modification to the mdividual collision treatment· of the jet modef.2 2l This procedure does not seem to be quite consistent, however, bECause the concept of tunnel penetration (of the radius 1/ p.) and the small inelasticity (which implies a very large impact. parameter in the original form of the theory) are used at the same time. (2·4) (2. 5) Notice that in the case of inelasticity not very close to 1, the energy or energy de-nsity available for the secondary particle emission does not depend Oi1 the initial energy explicitly.** The energy density determines the corresponding temperature, which, in turn, gives the number of secondary particles. As is seen in table 2 · 1 the equilibrium temperature in the Takagi model is much reduced compared with the original Fermi model. This is due to two reasons. i) A part of the available energy is used as mass motion and not as thermal motion. ii) The equilibrium volume is not Lorentz-contracted. The conspicuou> feature of this model is, as was. pointed out above, that one has a definite temperature if one specifies an inelasticity not very close to one. 2· • 2. ' · The distribution of the transverse tp.omenta of secondary particles in this model depends on the following two factors. First, the transverse component of the momentum exchange between the two nucleons will give the mean value of transverse momenta of· the particles in the diffuse and narrow cones. Second, the thermal motion corresponding to the equilibrium temperature will be superposed on this average value. The first term * For simplicity the volume is taken to be equal to 1/ p.3, ** This can be understood as follows. Let us assume, for the moment, that a metastable excited state.
of .the nucleon with energy kM exis~s, and further; that the production of secondary particles takes place exclusively through this intermediary stage. The total energy of the system is expnssed by zrkM, r being the Lorentz factor of the outgoing excited cloud in the center of mass system ; the energy of the original nucleons in the final state is zrlyf. The inelasticity in this ease ls'obviowily (k-1)/k, if we identify the total energy with the total available energy. (This is permissible if k is not too iarge.) In this approximation, ~herefore 1 the inelasticity IS a functiOn of k only, and. vice vers<\.
does not seem, however, to play an essential role. If it should be of any importance, one could find an asymmetry of narrow and diffuse cones with respect to the direction of primary incidence.
Further, the ratio of heavy to light mesons is determined by the equilibrium temperature just before particles fly out, as was explained previously. 1 
>
It is expected, therefore, that the low temperature equilibrium predicted by this model for 'I)< 1 will imply reasonable values with regard to these two criteria, and it will be worthwhile to study this model in more detail. 2 · 3. Since most of the experimental data are concerned with nucleon-nucleus collisions, we shall now extend the model to thiu more complicated case. A:t extremely high energy ( > 10 3 Gev), the nucleon-nucleus collision can be fairly well approximated.
by the so-called jet model : 23 ) 24 > the incident nucleon interacts only with the nuclear matter in the " tunnel " which it penetrates into the nucleus, and .the remaining part of the nucleus suffers little excitation. In this approximation we can still employ two opposite points of view: composite collision 20 > and individual collision, 22 > but the former appears to be the more adequate description when the energy of the incident particle is very large.
2·4. We shall treat, therefore, the composite collision model. As regards the find division of the nucleons and the total energy among the two clouds, there is no a priuri criterion that would come out of a consideration of the nucleon-nucleus collision, but, for simplicity, we shall treat the following two cases.
A) Case of n : 1 division. We assume that, after exchange of momentum and energy, two excited clouds containing n and 1 nucleons (or, more precisely, "nucleons minus antinucleons ") respectively, will appear, the ratio of fictitious masses M1* and M2* of these clouds also being n : 1. This means that, when referred to their own center of mass systems, both the energy and the equilibrium volumes of these clouds are in the ratio n : 1.
If the collision is completely inelastic,
W being the total energy in the center of mass system.
If the inelasticity is not close to 1, it can be shown that the approximate relation
for (E0/M)>l0 8 
and n<5
(2·7) holds in this case, too. Thus the density of available energy, which turns out common to both douds, is
The temperature corresponding to this energy density can be determined by the formulae : 25 
with (2·10) m 9 means the mass of the heavy meson. Here we have assumed the statistical weight of the heavy mesons to be equal to 4. * Once the temperature is determined, we can derive the number density for each kind of particles and multiplying it by the volume we get the total number.
The results of the computation are shown in the following table. We assume that after collision two excited clouds fly out in perfect symmetry. This may seem less plausible than the case A), if one adheres to the original picture of momentum exchange. It could be regarded, however, as the opposite extreme case to A); and so it would give a rough idea of how much the results depend on the assumption concerning the division of energy and momentum between two clouds.
In this case we have 
The case of completely inelastic collision is of .course, identical with the case A) , because two clouds have zero momentum and two ways of division do not yield any difference.
The case of r; < 1 is, as can be expected, the same as the case of nucleon-nucleon collision with mass and volume multiplied by a factor of (n + 1) /2.
The results are given in the following Thus the transverse momenta will be of the order of pion rest mass. The energy dissipation characteristic of the Heisenberg theory is concerned only with the longitudinal component. In both Heisenberg and Landau theories the essential feature of the an.gular distribution is determined by its one-dimensional character in the expanding process. This feature will not be changed in a nucleon-nucleus collision, either.
3 · 2. ' The problem of the composition of the secondary particles will be considered next. Since most of the experimental data are concerned with nucleon-nucleus collifion at extremely high energy ( > 10 3 Gev), we must slightly modify the original formulae, so that they can be applied to the general picture of the jet modd.
Instead of two flat disks of the same size colliding, we have now a contracted nucleon and a contracted tunnel-like part of the nucleus containing n nucleons, n being less than 6 for the nuclear emulsions. This picture is compatible with our modified assumption of the ge(}metrical cross section at extremely high energy. Thus we should put (3·1)
where p 0 mo.x is the maximum energy of a secondary particle and r is a certa.in average of the Lorentz factors in the center of mass system. This expression corresponds to the so--cdled composite collision model. As is explained in detail in Heisenberg's works, if the strong non-linearity* of the meson wave field is assumed, the energy spectrum of the emitted particles will be of the form,
{3 ·2)
Po being the energy of the secondary particle ; the total number of a certain kind, j, of particles will be given to a rough approximation by {3 ·3) gJ and mJ being respectively the statistical weight** and the mass of that particle.
From (3 · 2) and (3 ·3) one has
whence one gets easily the number ratio for a given incident energy and a given value of n. The results are shown in the Table 3 · 1. These values are found, considering the rough approximation we have used to be consistent with the experimental informations.
Moreover, minor discrepancies, even if t~ey should be found, would never be fatal for the Heisenberg theory, because the detailed behaviour of the low energy part of the energy spectrum of secondary particles and consequently the number ratio of various particles is rather sensitive to the particular properties of the non-linear term involved in the wave equation. This situation might be regarded as corresponding to the sharp dependence on the critical temperature in the Landau theory. A rough idea of this fact will be given by the last column of the Table 3 · 1. *** These values have been computed using a slightly more plausible spectrum given by Heisenberg : 10 ) 
One can conclude, therefore, that the composition of the secondary particles cannot discriminate between Landau's, and Heisenberg's theories. 3 · 3. A somewhat subtler distinction may be possible, however, if one can detect distribution of heavier particles. In the Landau picture the critical temperature Tc is determined by the pion-pion interaction and is common to all the elements of the expanding nucleon-meson cloud, so that one can expect the same number ratio of heavy to light mesons in all directions. In the Takagi picture, too, the situation is similar. In the Heisenberg picture, on the other hand, the transverse energy is so low from the outset that few heavy mesons can appear in the perpendicular direction in the center of mass system. This difference is due to the fact that Heisenberg deals with a well-defined wave motion, in which, so to speak, all the particles are found in a definite phase relation, while Takagi and Landau regard the nucleon-meson system as a thermodynamical system without an}' definite ph2.se relation between constituent particles. The thermal motion in the latter pictureJ can furnish enough energy to create heavy mesons independently of the direction of the " mass " motion. § 4. Discussion 4 ·1. As we have examined in the previous 1 > and the present notes, three model for multiple meson production, namely those of Landau, Takagi and Heisenberg, give similar results, compatible with experimental information now available, concerning the composition 2 > and the distribution of transverse momenta 3 > of secondary particles.
The main difference between the predictions of these theories can be found in the dependence of the total number of created particles on the incident energy. The distinctions are obscured, however, by the intervention of another parameter, inelasticity. If we assume for the present that the average inelasticity is practically constant and much less than 1 over a wide range of incident energy, as is suggested by the analysis of latitude dependence of various components and extensive air showers, then we could discriminate between these theories by examining a large number of events statistically. Such a treatment is necessary because the present theoretical predictions are concerned with the average behaviour only and fluctuations from the latter are expected to be quite large.** In analyzing emulsion data we should further notice that events with small numbers of secondary particles are likely to escape detection. Thus the a.rguments put forward so far 15 > which infer the relation of total number to incident energy from a few events of conspicuous stars, do not appear very convincing.
4 · 2. One difference between these three models, which may have some bearing on the analysis of the phenomena at lower energy, is that both Landau's and Heicenberg's pictures lead naturally to the presence of a pretty strong pion-pion interaction at lower energy, near 1 Gev, while in Takagi's picture it is not necessary to introduce such an interaction.
The role of the pion-pion interaction in the nucleon-nucleon and nucleon-meson reactions is reported to be not yet quite clear. It has also been suggested that this interaction, if it exists, will be strongly dependent on energy and isotopic spin. Such a circumstance might have slight influence on the results of Landau and Heisenberg.
Takagi's model, too, has its analogue in the Gev energy region: one can assume the existence of a similar mechanism in the one-or two pion production 27 > or strange particle production by nucleon-nucleon collision.
4 · 3. The point which is left open is how to incorporate the small value of in, elasticity into the theory.
Bhabha 2 A> has once proposed to take into account the possible localization of a certain part of nucleon self-energy in a small central region of the extended nucleon. Although this idea, if taken too literally, is subject to criticism in the same way as Heisenberg's argument, it may have something to do with the real situation. Indeed the concept of pion-pion interaction seems to be in a sense consistent with this picture of energy ocalization.
* This relation has been derived assuming that the equilibrium volume in the center of mass system also proportional to 7J· If we presume this volume to be independent of 7J, we have: Noc71~/• E0 1 f-l ** Podgoreckij, Rozental, and Cernavskif6l have. estimated the fluctuations based on statistica •On· "dcrations and found them fairly large. Since the statistical treatment itself is somettmes to be regarded as a tough approxtm:mon, the deviations could be still larger. It may be worth noting that the concentration of an appreciable amount of the available energy on one or two secondary particles can be regarded as producing inelasticity. In Landau's theory, in particular, this kind of concentration can really take place, as has been pointed out by Gerasimova and Cernavskij. 29 > If this mechanism for inelasticity is true, one might expect an anomalous behaviour corresponding to the case that this particular secondary particle happens to be a 7r 0 -meson or some other particle which decays into r's immediately. In this case the final energy of the target nucleon (or the nuclear matter cont2.i1,in,r n nucleons) is wmetimes included in the secondary energy, because it may not be distinguished from created particles.
In the case A) we have 
